During the thirteen years in orbit around Saturn before its final plunge, the Cassini spacecraft provided more than ten thousand astrometric measurements. Such large amounts of accurate data enable the search for extremely faint signals in the orbital motion of the saturnian moons. Among these, the detection of the dynamical feedback of the rotation of the inner moons of Saturn on their respective orbits becomes possible. Using all the currently available astrometric data associated with Atlas, Prometheus, Pandora, Janus and Epimetheus, we first provide a detailed analysis of the Cassini Imaging Science Subsystem (ISS) data, with special emphasis on their statistical behavior and sources of bias. Then, we give updated estimates of the moons' averaged densities and try to infer more details about their interior properties by estimating the physical librations for Prometheus, Pandora, Epimetheus and Janus from anomalies in their apsidal precession. Our results are compatible with a homogeneous interior for Janus and Epimetheus, within the uncertainty of the measurements. On the other hand, we found some inconsistency for Pandora and Prometheus, which might result from a dynamical mismodeling of Saturn's gravity field. Last, we show how the synergistic introduction of libration measurements directly derived from imaging should allow the moons' moments of inertia to be better constrained.
INTRODUCTION
Assuming an age of less than tens of millions of years (Charnoz et al. 2010) , the inner moons of Saturn are witnesses of the recent evolution of the Saturnian system. As a consequence of the exchange of angular momentum between the moons and Saturn's rings, the system was more compact in the past (Lissauer & Cuzzi 1982) . This suggested that the inner moons may have formed near the outer edge of the Roche limit by accretion of icy ring material (Charnoz et al. 2010) . Such a scenario is supported by the monotonic distribution of the moons' masses as a function of distance to their primary, as well as their small densities of 0.4-0.7 g/cm 3 (Thomas et al. 2013) . Since collisions between moonlets are expected during such a formation process (Charnoz et al. (2010) , Leleu et al. (2018) ), a possible inhomogeneity may arise within the interior of these small icy moons. Here, we try to assess the interior distribution of these small moons by determining their physical librations. Using Cassini ISS data, Tiscareno et al. (2009) studied the physical librations of Janus and Epimetheus by measuring the change in rotation of the two moons as a function of time. They quantified the physical libration of Epimetheus to −5.9 ± 1.2
• , but could not reach a conclusive result for Janus. Here, we consider a different approach that relies on the dynamical feedback of the physical libration into the orbit. In particular, while the measurement of faint librations requires imaging at close range, precise orbital monitoring relies more on the time interval covered by the data, since we are looking for a secular effect. Benefitting from thousands of ISS astrometric measurements, the fit of a physical libration parameter simultaneously with initial state vectors of the moons and other physical parameters may provide an effective way of characterizing physical librations of small objects. In the next section we provide a short overview of physical librations. Section 3 gives details about the quantification of physical librations from orbital motion and the dynamical model we used. Section 4 presents the observations. Section 5 presents the results after fitting our orbital model to the astrometric data, as well as a solution in which the quantification of Tiscareno et al. (2009) is introduced as an extra observational constraint. The last section discusses the results.
INTERIOR AND PHYSICAL LIBRATIONS
In common with most of the natural satellites of the giant planets, the inner moons are assumed to rotate synchronously, as was confirmed for Janus and Epimetheus by Tiscareno et al. (2009) . The variations of the Saturn-satellite distance arising due to their orbital eccentricity, and the departure from a spherical shape, induce a varying gravitational torque and associated longitudinal librations as for the main satellites (e.g. Comstock & Bills 2003; Rambaux 2014) .
There are at least two ways to define the longitudinal librations: i) the tidal librations ψ, which represent the East-West oscillations of the long axis of the satellite with respect to the planetsatellite direction; ii) the physical librations γ, representing the departure between the actual rotation and one with a constant rate ω (which would be equal to the orbital frequency n). These two quantities differ by the optical libration 2e sin(nt), where e is the orbital eccentricity. If the optical libration has just a kinematic origin, the physical and tidal librations contain information on the interior of the rotating object. In particular, we have (e.g. Murray & Dermott (1999) , Eq. 5.123):
and (Tiscareno et al. 2009, Eq. 15) :
ω u being the frequency of the proper oscillations of the longitudinal motion. This frequency contains a signature of the interior from
where m is the mass of the satellite, R its mean radius, and A, B and C the 3 principal moments of inertia (associated respectively with body-centered axesx,ŷ andẑ). Assuming a homogeneous density ρ, we have
and C 22 is the classical Stokes coefficient defined as
In usual cases, where (B − A)/C ≪ 1/3, ω u is very small with respect to n, which results in γ ∝ e B−A C , while the tidal libration ψ is widely dominated by the optical libration for mid and large size moons. This is why it is usually advisable to consider the physical libration γ as a direct signature of the triaxiality of the satellite. In the following, we denote its amplitude as A, i.e.
γ(t) = A sin(nt) + O(e
2 ).
If the satellite is a homogeneous triaxial ellipsoid with radii a, b and c, we have
and
The moments of inertia are computed assuming homogeneous interiors and using the best-fit ellipsoids from Thomas et al. (2013) , which are only approximations to the shapes for Atlas, Prometheus, Pandora, and Janus. In cases where a digitized shape model is available, we have Table 1 . Best-fit ellipsoid shapes, geometrical orbital eccentricities, and theoretical physical librations of some inner moons of Saturn. The shapes are taken from Thomas et al. (2013) , the eccentricites are the mean epicyclic ones, computed from our model, and the librations are calculated using Eq. 12, except for Epimetheus for which Tiscareno et al. (2009) have shown a significant discrepancy between this method and the actual libration. We used the ratio of moments of inertia (B − A)/C = 0.296 +0.019 −0.027 instead, derived by Ibid. for the observed shape. The 1σ uncertainties were calculated assuming no correlations between the parameters.
Atlas 20.5 ± 0.9 17.8 ± 0.7 9.4 ± 0. used it, as in the case of Epimetheus from Tiscareno et al. (2009) . Table 1 summarizes the shapes and expected amplitudes of librations of the inner moons Atlas, Prometheus, Pandora, Epimetheus, and Janus. The Table also provides the geometric (also called epicyclic) eccentricities, and not the Keplerian ones (Greenberg (1981) and Renner & Sicardy (2006) ). These eccentricites and the other orbital elements are derived in considering the oblateness of Saturn. We have in particular
The geometric elements have the advantage of not being polluted by the short-period oscillations, which result from the interaction with the flattening of the central body. We note that negative amplitudes are expected, except for Prometheus. As explained in Tiscareno et al. (2009) , a positive amplitude is a consequence of the very elongated shape of a satellite.
For the inner Saturnian moons, the only detected amplitude so far reported in the literature, is (−5.9 ± 1.2)
• for Epimetheus (Tiscareno et al. 2009 ). In this specific case, the analysis can be pushed a bit further. In particular, Epimetheus is in 1:1 orbital resonance with Janus implying a horseshoe-shaped orbit. This peculiar orbital motion involves a switch of a few tens of kilometers in the semi-major axes of the two satellites that perturbs the librational motion. As a consequence, their mean motion cannot be considered to be constant. In order to describe the effect of this switch on the librational motion and to extract all the information contained in the libration amplitude, Robutel et al. (2011) have developed a quasi-periodic librational model where the librations γ are decomposed as:
The first sum represents the long-period term directly related to the switching motion. In this sum β q are the coefficients of the quasi-periodic series from the variations of the mean-longitude, ν the frequency of the swap, and ϕ q its phase. The short period librations are described by the second and third terms. Their frequencies are of the order of n g , the geometrical mean motion, with harmonics in ν. The constant e g is the geometrical eccentricity, and J p are the Bessel functions.
MEASURING THE MOON'S ROTATION FEEDBACK ONTO THE ORBIT

Orbital characterization of physical libration
Benefiting from detailed images of Phobos obtained with the Viking 1 and 2 spacecraft, Borderies & Yoder (1990) looked at the physical consequences of the extended gravity field of Phobos on its rotation and orbit. Among other things, they noticed very interestingly that the effect of Phobos' physical libration on its orbit would provide a secular drift on its periapsis distance that should barely be absorbable within other unknown quantities (e.g. initial state, Mars' quadrupole...) during orbit fitting. Indeed, the node and periapsis drifts are often nearly equal in magnitude, but opposite in sign, making any absorption of the extra secular drift in the gravity field of Mars problematic due to an unavoidable ambiguity on the node. Borderies & Yoder (1990) estimated Phobos' periapsis drift ae̟ to be roughly 500 m/yr, which was significant even at the time, given the accuracy of the astrometric observations. They claimed on p.247: "This term could provide a more accurate estimate of the libration than direct observation of the figure oscillation from ranging to a lander if all effects acting on apse and node are accounted for and if the lander survives longer than about a year." Unfortunately, they could not extract the signal from the astrometric residuals.
Surprisingly, the effect of Phobos' libration on its orbit did not draw much attention at that time, despite the publication of Phobos 2 astrometric data (Kolyuka et al. 1991) . Fifteen years later, using Mars Express data, Lainey et al. (2006) observed an anomaly in the astrometric residuals of Phobos. They determined that such an anomaly could be absorbed into a non-physical (i.e negative C 22 ) value of the Phobos gravity field, but did not consider physical libration in their model. Finally, Jacobson (2010) isolated Phobos's physical libration as the dynamical source of the problem and provided the first estimation of Phobos's physical libration from its orbital motion.
The secular drift, associated with the quadrupole field of Phobos on its periapsis (or any moon in somewhat similar configuration) was given by Borderies and Yoder (1990) and recalled by Jacobson (2010) to be (see also App. C)
where a, e, n, M and ̟ are the traditional osculating Keplerian semi-major axis, eccentricity, mean motion and mean anomaly, R, J 2 and C 22 denote the mean radius and un-normalized gravity coefficients of Phobos. We see here explicitly the action of the libration amplitude A on the periapsis. Our A is −A in Jacobson (2010) . Of course, this action of the quadrupole field of the satellite is just one effect affecting the pericenter. The precession of the pericenter is mainly due to the the flattening of Saturn, and to the interactions with the other satellites. In the following, we used the same approach as Jacobson (2010) , but applied to Atlas, Prometheus, Pandora, Janus and Epimetheus. It is noteworthy that homogeneity requires information on the three moments of inertia A, B, C, while orbital monitoring provides essentially just one piece of information ∆̟. We will discuss this in more detail in Section 6.
The coefficients J 2 and C 22 we use are derived from
these formulae being themselves derived from
and Eq. 7. Their numerical values are given in Table 2 .
Dynamical modeling
Our approach benefited from the NOE numerical code that was successfully applied to the Mars, Jupiter, and Uranus systems (Lainey et al. 2007; Lainey 2008; Lainey et al. 2009 ). It is a gravitational N-body code that incorporates highly sensitive modeling and can generate the partial derivatives needed to fit initial positions, velocities, and many global parameters (i.e. masses, C np and S np gravity coefficients, polar orientation, etc.) to the data. For these simulations, the code included (i) gravitational interactions up to degree two in the spherical harmonic expansion of the gravitational potential for the satellites (assuming homogeneous interior, see Table 2 ) and up to degree 6 for Saturn; (ii) the perturbations from the eight main moons of Saturn (Mimas, Enceladus, Tethys, Dione Rhea, Titan, Hyperion and Iapetus) using ephemerides from Lainey et al. (2017) ; (iii) the perturbations of the Sun (including the inner planets and the Moon by incorporating their mass in the Solar one) and Jupiter using DE430 ephemerides; (iv) Saturn's precession; (v) Saturn's nutation using SPICE (Acton, 1996 ; https://naif.jpl.nasa.gov/naif/) kernel header values SAT382.bsp; (vi) the tidal effects introduced by means of the Love number k 2 (dissipation was neglected) from Lainey et al. (2017) ; (vii) relativistic corrections. The dynamical equations of motion were numerically integrated in a Saturn-centric frame with inertial axes (conveniently the Earth mean equator of J2000).
The equation of motion for a satellite P i can be expressed as (Lainey et al. 2002 (Lainey et al. , 2007 
Here, r i and r j are the position vectors of the satellite P i and a body P j (another satellite, the Sun, or Jupiter) with mass m j , subscript 0 denotes Saturn, Ukl is the oblateness gravity field of body P l at the position of body P k , GR are corrections due to General Relativity (Newhall et al. 1983 ), F T l0
the force received by P l from the tides it raises on its primary and F T ij the mirroring effects of tides raised by one moon on Saturn acting on another moon. Neglecting tidal dissipation, these last two forces are equal to (Lainey et al. 2007 (Lainey et al. , 2017 )
The physical libration γ of the moon P i arises implicitly in the expression of ∇ 0 U0î and ∇ j Uî. While these latter expressions can be found in several references (Peters 1981; Lainey et al. 2002, e.g.) , the way physical libration can be introduced in such equations is generally not addressed. Hence, we recall that from the elliptic expansion of true anomaly (Murray & Dermott 1999; Jacobson 2010) , and denoting E and v for the eccentric and true anomaly respectively, we get
Hence, one can approximate the introduction of the sine of mean anomaly by the sine of the eccentric anomaly. In this last case, we can easily go back to cartesian coordinates with the expression
For practical reasons, our code introduces B as an adjustable quantity instead of A. One can easily come back to this latter quantity by introducing the averaged eccentricity value. It is noteworthy to mention that despite the sometimes large differences between geometric and keplerian eccentricities for some of the inner moons, the quantity e sin(E) remains practically unchanged whether computed with geometric or keplerian elements.
In addition, we checked the accuracy of such a representation by comparing this approach for Epimetheus with the more complete model given in Eq. 14. To do this, we performed a leastsquares fit of the short-period analytical model (Eq. 14) to the first order model, corresponding to Ae(t) sin M (t) used in our astrometric fit (Eq. 15). Our comparison showed an agreement between both representations up to 0.15 degrees. Such a modelling accuracy is certainly sufficient considering the present precision of the measurements on Epimetheus' A value (see Table 8 ).
For an unspecified parameter c l of the model that shall be fitted (e.g. r(t 0 ), dr/dt(t 0 ), Q...), a useful relation is (Lainey et al. (2012) and references therein)
where F i is the right hand side of Eq. (1) multiplied by m i . Partial derivatives of the solutions with respect to initial positions and velocities of the satellites and dynamical parameters were computed from simultaneous integration of Eqs. (15) and (21) .
All our simulations involved solving simultaneously (at least) for the initial state vectors and masses of the moons, the masses and gravity field of Saturn including zonal harmonics J 2 , J 4 , J 6 , the orientation and precession of Saturn. Some attempts were made to solve for more parameters (see further sections). No constraints were introduced in the fit, except most of the time for J 6 (see further sections) which was constrained at the value estimated by Jacobson et al. (2006) assuming a 1-σ uncertainty of 10 −4 (that is an order of magnitude larger than the published uncertainty).
4. OBSERVATIONS
Cassini ISS data
A campaign of astrometric observations of the small inner satellites of Saturn using the Cassini Imaging Science Subsystem (ISS) was carried throughout the Cassini tour, between 2004 (Porco et al. 2004 Cooper et al. 2015) . The observations fitted in this work come mainly from these so-called SATELLORB image sequences, with the addition of some opportunistic detections of the satellites of interest (Atlas, Prometheus, Pandora, Janus and Epimetheus) in other Cassini ISS image sequences designed to study Saturn's F ring. The total number of Cassini observations used in this work is 3476, where the large majority were observed using the narrow angle camera (NAC) of the ISS.
For the Cassini ISS data, astrometric data reduction was performed using the Caviar software package (Cooper et al. 2018, e.g.) . The nominal camera pointing direction for each image was corrected using background reference stars from the UCAC2 (Zacharias et al. 2004 ) and Tycho-2 (Høg et al. 2000) catalogues. We estimate a typical camera pointing accuracy of ≃ 0.1 pixel (0.12 arcsec) (see Cooper et al. (2015) for further discussion). The pixel coordinates corresponding to the astrometric position of each satellite in a given image were measured using either the centroid Stetson (1987) for unresolved images, or a limb-fitting method for resolved satellite images. Centroids were corrected from the measured centre-of light to the centre-of-figure using a correction for solar phase angle (observer, object, Sun). The limb-fitting technique involved fitting an ellipsoidal model of the satellite limb, projected onto the image, to the detected limb, based on an edge-detection method (see Cooper et al. (2018) for more details). Ellipsoidal shape models were extracted from the SPICE kernels current at the time of reduction (Cooper et al. 2015, Tab. 1) .
ISS data have a known bias in the Solar direction associated with the estimation of the limb of the satellites on the image and their respective ellipse fitting (Tajeddine et al. 2013; Cooper et al. 2014) . Unfortunately, no real solution has been provided so far. Moreover, the statistical properties of the residuals and especially their Gaussian behavior has not been studied in much detail. Also, the previous studies considered the main moons of Saturn, which are close to spherical, while the inner moons considered in this work generally have much more complex shapes. In this paper we show that, once a bias in the Solar direction is removed (see A), the NAC ISS residuals exhibit a behavior that is close to Gaussian (see B). Importantly, the solar direction bias does not appear to be related to a center of mass / center of figure shift.
Measurement uncertainties are discussed at length in several previous publications on Cassini astrometry (Tajeddine et al. 2013, e.g.) . For example, the typical uncertainty in the spacecraft position is ∼ 100 m, which is two orders of magnitude smaller than the uncertainty in the measured satellite positions, based on limb fitting and given the typical image resolution (∼ 5-10 km/pixel). Also, the image sequences used in this work were designed specifically for astrometry and dynamical modelling, with exposure and filter settings chosen to optimize imaging of background stars. As a result, the typical pointing uncertainty is 0.1 pixel, an order of magnitude smaller than the uncertainty in the measured satellite centers, based on limb-fitting or centroiding. In common with other previous work, our approach has therefore been to absorb these much smaller effects into the overall uncertainty of the measured satellite positions.
ISS data are provided as sample and line coordinates, with the origin referenced to an edge of the images. Since different cameras and different methods for finding centers of figure were used for the images, we separated the data set into subsets. We noticed that observations performed prior to June 2004 were somewhat biased due to the uncertainty in the spacecraft position. Since only the centroiding technique was used in this case, we put those observations in another separated subset (in the latter sections of the text we refer to these observations as pre-arrival observations). The pre-arrival observations are not numerous, representing only 238 observations out of 3476. The large distance at which these observations were performed make them not very useful from a dynamical constraint point of view, but we kept them for completeness.
Hubble Space Telescope data
While the ISS data is the essential data set we used in this study, we also considered the Hubble Space Telescope (HST) data as extra data for checking the robustness of our solutions. These data were provided by French et al. (2003 French et al. ( , 2006 in the form of astrometric observations between the end of 1994 and the beginning of 2005. While this dataset does complement the ISS data, it does not provide a strong constraint on the physical libration, as will be shown in Section 5. Moreover, it does not include astrometric data for Atlas, which was too faint to be measured.
FITTING PROCEDURE AND RESULTS
Weighting the data
Each ISS dataset comes with an uncertainty in pixel units in the center of figure determination. This comes as a by-product of the Caviar software. Nevertheless, uncertainty in the camera pointing is not considered, and more importantly, the real meaning of the Caviar uncertainty as a standard deviation (i.e. 1σ) is not granted. As a consequence, such information cannot be used as is. In Cooper et al. (2015) , all data were weighted assuming a 1 pixel uncertainty. Here we tried to estimate as accurately as possible a 1σ uncertainty for each data point. We started by considering as independent random variables, the error on each specific satellite and coordinate (sample or line) data. After performing an initial fit of our dynamical model, we computed the number of observations beyond 3σ level. Despite the large number of data points (typically several hundred per satellite, see also Table 3 ), we found only one observation above 3σ. As was confirmed later on, this indicated that the uncertainties given in the ISS data are pessimistic. Hence, to assess a better weight, we rescaled the Caviar uncertainties by a scalar chosen to get about 66% of astrometric residuals within 1σ level for each satellite and coordinate.
Another issue that arose from the use of ISS data is the redundancy of information coming from different observation series. Indeed, it frequently happened that more than one ISS data point existed within a small time span (less than 10 minutes). This is a real problem when weighting the data since biases in the data series are frequent. In particular, the Solar bias may not be the only bias when considering a single series. For instance, a bias coming from the repetition of a specific geometry (recall that the inner moons have strongly distorted shapes) may prevent a proper convergence of the whole fitting procedure. To prevent this issue we de-weigthed the series data by a factor √ N with N being the number of observations in the series. In the full dataset, we found 14, 17, 14, 2 and 3 series respectively for Atlas, Prometheus, Pandora, Epimetheus and Janus.
ISS data were then weighted using the root-mean-square (rms) of the astrometric residuals, coming from a first estimate of the moons' positions with our model, as an a priori constraint when fitting the data. The chaotic orbital motion of these moons required extra care when iterating using a least-squares method. We found it useful to stabilize the convergence process by updating the weights every other iteration only. A few of such double-step iterations were sufficient to achieve a stable estimation. To prevent chaos spreading, no fits were done using inter-satellite measurements. After the first converged solution, observations with residuals larger than 2.5 pixels were discarded. Only then, observations with residuals higher than three-sigma were removed.
While ISS data are provided as sample and line, HST data are provided as tangential coordinates on the celestial sphere, the origin of the frame being Saturn's center, after fitting a ring profile during the image calibration. Since different cameras were used for the images, we separated the data set into subsets so that each one was associated with a different camera. Similarly to the ISS case, data have been weighted using the root-mean-square (rms) of the astrometric residuals as an a priori constraint when fitting the data. Here again, no fits were done using inter-satellite measurements. Three-sigma observations were removed.
Postfit residuals and fitted parameters
In the present work, we performed many different fits, each time changing the number of fitted parameters or observation set to check the reliability of the uncertainty of our measurements. Most simulations considered ISS data only, since adding HST data was CPU intensive and did not bring much improvement. Over the ten different simulations we used, seven of them were performed using slightly different modeling. While most of our solutions considered NOE ephemerides for the main moons as given by Lainey et al. (2017) , we considered two solutions with JPL's ephemerides sat359l and sat375. Three other simulations tested a different model by adding odd harmonics of Saturn's gravity, or by neglecting the nutations in the fit. Another solution added Pallene's observations, increasing the number of studied moons from five to six. This was found useful, since the inner moons are influenced by Saturn's rings. Adding Pallene, which is evolving further away from the rings and has very little mass, helped to verify that the results were not significantly affected by the absence of the rings in the model. All in all, the different solutions provided similar results within the error bars and suggested that our estimation of fitted parameters is extremely reliable.
As an example, we provide here detailed information for the simulation that introduces both ISS and HST data. In Figures 1, 2, 3 and Tables 3, 4 we give the astrometric residuals for the five inner moons. Our residuals are pretty close to the ones obtained from Cooper et al. (2015) , except for the absence of Solar bias and the use of extra observations. While Cooper et al. (2015) solved only for the initial state vectors and masses of the inner moons, all our solutions always included the orientation and precession of Saturn's pole plus the J 2 , J 4 , J 6 gravity coefficients. Despite the larger number of fitted coefficients, our uncertainties are about the same order of magnitude thanks to the use of better weighting procedure and the removal of the Solar bias. Tables 5 and 6 provide initial state vectors and physical parameters of interest for the solution that includes HST data. Quoted uncertainties are 1 σ. It is noteworthy to mention that the orientation and precession of Saturn's pole was recently determined by French et al. (2017) with much better precision.
In Table 7 we provide our estimations of the moon's densities. These are pretty close to the ones of Thomas et al. (2013) and the ones that can be derived from the masses estimated in Cooper et al. (2015) . For high reliability, we provide error bars obtained from the envelope of 3σ uncertainty associated with our seven main solutions (recall that the three others were performed for test purposes only). We do confirm the significant leap in density between Atlas (0.39 g/cm bars obtained from the envelope of 5σ uncertainty associated with our seven main solutions (recall again that the three others were performed for test purposes only). In particular, we did not choose 3σ uncertainties since we had neglected higher order in the satellite gravity fields (representing a departure from a purely ellipsoidal shape for an homogeneous body). In addition, since we assumed specific J 2 and C 22 values for the moons derived from homogeneity assumption, we added the volume uncertainty of each moon in our error bars of the physical librations γ (last line of Table  8 ). This was done 1 from differentiation of equation 15.
We can see from Table 8 that while the physical libration of most moons can be constrained with astrometry (in the case of Atlas, the signature is too small), Pandora's physical libration is the only one that is distinguished from zero. Both the Epimetheus and Janus values here are in agreement with the homogeneous assumption, within the uncertainty of the measurements. On the other hand, a significant departure is found for Prometheus and to a less extent Pandora. For this particular case, such a disagreement might arise from the departure from triaxiality of Pandora's shape. In particular, Pandora's proper frequency is not too far from the forced one. Hence, a small error in the computation of the Pandora's shape may imply large variations in the expected forced libration amplitude. This issue was actually solved by Tiscareno et al. (2009) in the case of Epimetheus, by computing the moments of inertia directly from 3-D shape modeling. A similar approach could elucidate the origin of the libration disagreement for Pandora. The case of Prometheus is more problematic since its free libration is expected to be rather different from the forced one. Possible explanations for this are discussed in section 6. Figure 3 . Astrometric residuals after a fit between the model and the ISS observations for all moons in sample and line coordinates rescaled in km. Table 3 . Mean (ν) and standard deviation (σ) on sample and line in pixel for each satellite (Cassini-ISS data) . N is the number of observations by satellite considered and for each coordinate.N is the number of observations by satellite when counting successive observation series as one. Observations with residuals higher than 2.5 pixels were discarded. NAC and WAC stand for the Narrow Angle Camera and Wide Angle Camera of the Cassini Imaging Science Subsystem, respectively. Since our measurements use the orbital motion of the moons, instead of direct measurement of their rotation, we tried in a last attempt to introduce the results of Tiscareno et al. (2009) as an extra constraint in one of our solutions. In practice, we constrained Epimetheus' physical libration to remain within 1.2 deg (1σ) around -5.9 deg and, as a consequence, added as an extra free parameter the moon's gravity coefficient C 22 . We obtained after a few iterations the value (3σ uncertainty): C 22 = (3.0 ± 1.7) × 10 −2 . Now adding the volume 3σ uncertainty in the use of J 2 , we finally get: C 22 = (3.0 ± 1.8) × 10 −2 . Hence, we see that one may benefit from both approaches (libration direct measurement and astrometry) to constrain better the interior of moons. We discuss this in more detail in the next section.
Introducing Epimetheus' libration in the fit, obtained directly from image measurements
DISCUSSION
Our results demonstrate clearly that the physical librations of at least some of Saturn's small moons could be constrained by monitoring their orbital motion. Nevertheless, we still face two significant issues for a proper conclusion on the interior of these moons. The first problem arises from the significant error bars. The source of this is three fold: i) volume uncertainty; ii) astrometric error measurement; iii) modeling error. While the volume uncertainty is a significant issue for Epimetheus and Pandora, because of the proximity of a resonance between the proper and forced frequencies of these two moons, the astrometric error concerns all five moons. A comparison Table 4 . Mean (ν) and standard deviation (σ) on ∆α cos(δ) and ∆δ in arcsec for each satellite (HST data) . N is the number of observations by satellite considered and for each coordinate. with astrometric residuals of the main moons (Lainey et al. 2017) shows typically that the inner moons have larger residuals by a factor 2 to 3. Hence, it makes sense to look at the measurement procedure in more detail. As was said in Section 4, the Caviar software uses an ellipsoidal shape for fitting the center of figure of the moons. Since the inner moons have strongly distorted shapes, it is expected that a significant part of the astrometric error may come from here. In Figure 4 we show a few examples of center of figure fitting with Caviar for the small moons. The use of an ellipsoid as an approximation of the moon's shape clearly shows its limits. Hence, it is likely that the introduction of Digital Terrain Models (DTM) for fitting the shape of such distorted moons will allow residuals to be obtained that are at least two times smaller. Last, a modeling error is still possible. In particular, we obtained an unrealistic value for Saturn's J 6 when it was not constrained in the fit. While the exact source of such a bias is uncertain at the moment, the possibility remains that non-zonal harmonics or a temporal variation in the gravity field is affecting the dynamics of the inner moons. Under such circumstances, Prometheus and Pandora should be the most affected by this mismodeling, since they evolve closer to Saturn. This could be the best current explanation Table 5 . Solution for the Planetocentric State Vectors in the ICRF at Epoch 2005 January 1 00:00:00.0 TDB (2453371.5 JD). Units are km 3 s −2 , km and km/sec for Gms, positions and velocities, respectively. Atlas Gm 3.729516555394247E-4 ± 8.3E-7 x, y, z 137001.867291721 ± 0.14 4781.60971003271 ± 1.2 -12140.3481577703 ± 0.31 x,ẏ,ż -0.700351459623150 ± 1.5E-4 16.5882698930507 ± 1.7E-5 -1.16305098637571 ± 4.2E-5 Prometheus Gm 1.066670940945999E-2 ± 3.0E-6 x, y, z -31658.8799258814 ± 0.86 135240.714417874 ± 0.24 -7245.73352485315 ± 0.38 x,ẏ,ż -16.0692801273308 ± 2.9E-5 -3.68640166175008 ± 1.0E-4 1.65619629017423 ± 3.9E-5 Pandora Gm 9.097099552691643E-3 ± 4.7E-6 x, y, z -116624.718116507 ± 0.58 80455.0482120157 ± 0.81 3980.43591260067 ± 0.38 x,ẏ,ż -9.26910715040568 ± 9.0E-5 -13.4034429873202 ± 6.4E-5 1.78602159392975 ± 3.4E-5 Epimetheus Gm 3.507640402593114E-2 ± 4.2E-6 x, y, z -141847.308320134 ± 0.32 48917.8663153782 ± 0.98 8200.72245869048 ± 0.43 x,ẏ,ż -5.00404958200978 ± 8.4E-5 -15.0870443324898 ± 4.4E-5 1.63209435848272 ± 3.9E-5 Janus Gm 0.126390571242701 ± 1.6E-5 x, y, z -32298.9036418660 ± 0.82 -148325.820102700 ± 0.30 14126.3843856947 ± 0.46 x,ẏ,ż 15.3284304419310 ± 3.0E-5 -3.46497045237302 ± 6.1E-5 -1.07788018919314 ± 4.5E-5 Table 6 . Solution for the primary's gravity field and polar orientation. T denotes Julian century. The epoch is J2000.
for the disagreement between the expected and fitted amplitudes of their physical libration.
Another issue associated with our method stands on our assumption that the moons are homogeneous. While any significant departure of the fitted physical libration values from an assumption Table 7 . Estimation of the moons' Gm (km 3 /s 2 ). Volume is given in km 3 from Thomas et al. (2013) . Density is given in g/cm 3 .
of homogeneity would definitely indicate an inhomogeneous interior, the reverse is not necessarily true. In particular, there can always exist an inhomogenous interior, implying inhomogeneous values for J 2 , C 22 and A that will eventually compensate to give a drift of the periapsis (see eq. 15) in agreement with a homogeneous model. Such a problem could potentially be mitigated if the gravity coefficient of the moons could be constrained directly from their secular effect on the orbits. In practice, such drifts are strongly correlated to the gravity harmonics of the primary itself. Fortunately, the Saturn system has a large number of moons. In particular, it is not impossible that adding the main moons into a global fit may help in solving for some of the gravity coefficients of the moons. Such work is nevertheless outside the scope of this paper and may be investigated in a further publication.
It is noteworthy that direct measurement of the rotation has a similar caveat. In principle, observing an amplitude of physical libration in agreement with a homogeneous expectation does not prove the body to be homogeneous. In common with astrometry, one needs to quantify the three moments of inertia A, B and C from observations. This means having three observed quantities, each one giving extra information on the moment of inertia. This can be achieved by quantifying J 2 , C 22 and A from astrometry, or A, obliquity and precession rate from direct observation of the rotation. In practice this sounds very challenging. Fortunately, a coupled approach can be used by considering simultaneously direct measurement and astrometry all together. Hence, one might get directly A from observations leaving J 2 and C 22 to astrometry (as done by Jacobson & Lainey Table 8 . Estimation of tidal and physical libration amplitudes. For practical reasons, in our code we actually fit B (see equation 22). One can get back to the amplitude of the tidal libration using Eq. 22. Physical libration amplitudes (in degrees) are given in the last row of the Table. Simulation B Prometheus B Pandora B Epimetheus B Janus HST -± 142.
-± 326.
-± 53.
-± 27. HST (masses+libr. only) -± 25.
-± 38.
-± 22.
-± 15. Cassini (J6 not constrained) 0.0 ± 0.8 36.2 ± 4.2 26.6 ± 1.3 2.5 ± 0.7 Cassini [2004] [2005] [2006] [2007] [2008] [2009] [2010] 1.0 ± 1.8 35.8 ± 4.6 23.5 ± 2.8 6.4± 1.6 Cassini [2011] [2012] [2013] [2014] [2015] [2016] [2017] 0.6 ± 1.4 46.1 ± 3. +0.06 ± 0.37 -9.9 ± 7.4 -13.5 ± 15.8 -0.31 ± 1.62 including vol. uncertainty (2014) . Any other combination will work too. Due to limitations in space mission design, such a coupled approach may be the most rewarding.
CONCLUSION
In this work we studied in detail Cassini ISS astrometric data with emphasis on Gaussian behavior. We showed that the well known solar bias issue can be treated essentially by a simple procedure, with not much effort. Then, we gave an update on the mass and densities of the inner moons, that fits perfectly former estimations. Last, we tried quantifying the physical libration of these small Saturnian moons. Our results are in agreement with a fully homogeneous interior for Janus and Epimetheus. On the other hand, we found a disagreement for Prometheus and to a less extent Pandora, suggesting a possible dynamical mismodeling. We showed that a significant improvement may be expected by reducing the data again using DTM's, as well as by adding the main moons in a global inversion. In a last attempt, we showed how rotation measurements can be introduced in a synergistic way with astrometric measurements of centers of mass to increase the feedback on interior mass distributions. Such synergy may be useful for further space missions. (Cooper et al. 2018) . Clearly a more complex shape model is required to benefit fully from the high accuracy of ISS data.
provide a clear method for removing properly such a bias. Moreover, such work was done for the main moons, whose shapes are close to spheres. Hence, it is likely that a larger bias may appear on the astrometric data of the small moons. Here we quantified the Solar direction bias for the small moons, and tried to check its dependency as a function of different geometric factors, like distance and phase angle. Then we provided an easy and reasonable way to get rid of the Solar bias issue. The Gaussian behavior of the astrometric data after our treatment is assessed in the next appendix.
While Cooper et al. (2014) worked mainly with images where the satellite's center of figure was estimated by a limb fitting method, here both limb fitting and centroiding were used in the data reduction. A centroiding method was used for Atlas, since it has a small spatial extent on most images, while Prometheus, Pandora, Janus and Epimetheus were mainly treated with limb fitting. Having removed the observations performed in the arrival phase of the mission which are essentially biased by the uncertainty in the Cassini spacecraft position, all NAC data were split into two different sets: limb fitting vs centroiding. Astrometric residuals were then computed in native sample/line s, l coordinates, but also in x, y coordinates where x points toward the Sun and u, v coordinates where u points toward Saturn. We show in Figure 5 an example of such plots in the case of Janus. While Janus provided the largest biases among the five moons we considered, it is noteworthy that all satellites showed exactly the same trend. A first conclusion was that the bias is essentially along the Solar direction. Such a conclusion is in full agreement with what was observed for Mimas by Tajeddine et al. (2013) and Cooper et al. (2014) for the main moons. Since the moons are in spin orbit resonance, and because of the geometric configuration during images capture, the solar bias could in reality be a center of figure / center of mass shift. We compared the residuals in Solar x, y coordinates and in planet's u, v coordinates. Contrary to the x coordinate, we did not find any clear signal along the u direction, confirming the solar phase origin of the bias.
In a second step, we tried assessing a possible dependency of the Solar bias as a function of the satellite distance, phase angle and mean anomaly. In all three cases, no clear dependency was observed (see Figure 5 ). For the distance dependency, this was a bit surprising since the further the moons, the smaller the bias might be. Nevertheless, it is important to recall that limb fitting techniques require two independent steps: i) edge detection; ii) ellipse fitting. Hence, when the moons appear as small objects on the images, their shapes are poorly constrained since only a small number of points can be detected by the edge detection technique. Such a low number of surface points counterbalances the expected smaller solar bias effect when introducing the ellipse fitting method. This may explain why no obvious dependency of the solar bias on the satellite's distance was found.
Since no dependency was found for the solar bias, we found it to be efficient simply to remove a constant bias on the x coordinate for each astrometric data point. Interestingly, a majority of images were taken with the Sun being along the line direction. This explains why no similar large bias arose in the sample direction. Hence, Lainey et al. (2017) removed a constant bias on the line coordinate, only. Nevertheless, our method is better since the solar angle may be different depending on the images. We determined that the bias to be removed along the x coordinate was 0.89, 0.81, 0.70, 0.72 and 0.49 pixel for Janus, Epimetheus, Pandora, Prometheus and Atlas, respectively.
Contrary to the other moons, Atlas was essentially treated using a centroiding technique. Similar tests were performed with the same conclusions, except that a bias of 0.3 pixel was found with opposite sign (0.3 has to be added to the x quantity). We should emphasize that a centroiding technique with the Caviar software automatically computed a phase correction. In the case of Atlas, it is likely that such a correction depending on shape and scattering law was not properly modeled.
B. GAUSSIAN BEHAVIOR
Many estimations of physical quantities in astrophysics generally assume a Gaussian law for modeling the observation noise. Results are then given as standard deviation times some integer (generally 1 or 3). Assuming the noise to be exactly Gaussian, it implies that a fitted physical value has about 66% to be within 1σ and more than 99% to be within 3σ. It is noteworthy to recall that these numbers are correct only if one assumes a perfect physical modeling and weight procedure, too.
Here we tried to assess if the noise on the ISS-NAC astrometric data is close to Gaussian. Similarly to what is explained in the main text, we split the data into subsets considering the camera, the center of figure algorithm and separating the observations during arrival phase. Then all subsets were compared to a Gaussian distribution. Since in our fitting procedure, every data point was considered with a specific weight determined as a combination of measurement uncertainty and rescale parameters (see main text for details), all data were divided here by such a weight before being treated in our Gaussian estimation. This was a requirement since each data get its own uncertainty from Caviar, obtained from specific observation conditions. As a consequence, a perfect Gaussian behavior should provide a standard deviation of 1. In Figures 6 to 8 we provide histograms of our astrometric residuals after rescaling the data by their respective weight. It appears that the standard deviations are significantly lower than unity. Since, our plots were obtained after removal of the Solar bias only, in particular without any refitting and re-estimation of the rescaling parameters, the significant departure from unity shows the gain obtained from treating properly the Solar bias. In addition the skewness and kurtosis, two indicators of Gaussian shape, are given with the D'Agostino and Pearson estimator. For both quantities, a Gaussian behavior should be associated with a number close to zero. Last, we provide on all Figures two Gaussian curves. The dashed one was determined using mean and standard deviation directly computed from the data set, while the full one was obtained after fitting a Gaussian to the histogram. Our plots support the hypothesis that the noise in our astrometric data set, is close to a Gaussian distribution. Moreover, we clearly see that the controiding and limb fitting methods do not differ from each other in terms of the statistical distribution of residuals.
C. HOW THE LIBRATION AFFECTS THE PRECESSION OF THE PERICENTER
This section is widely inspired from (Jacobson 2010) . The potential for the acceleration of Saturn due to the quadrupole potential of the satellite is 
where m is the mass of the satellite, R its mean equatorial radius, J 2 and C 22 its un-normalized gravity coefficients, and r the distance Saturn-satellite. θ = −ψ is the angle between the direction from the satellite to Saturn, and the axis of minimum principal moment of inertia. It reads
Following the action-reaction law, the potential acting on the satellite is U = −M /mU ′ , where M is the mass of Saturn, and from the classical formulae 
